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Abstract. When the arithmetic performance of a computer is greater than the memory or communication 
bandwidth, the overall speed of the computer is strongly dependent on the amount of arithmetic performed, on 
average, per main memory reference. The performance degradation can be described by a single hardware 
parameter fl/2 which is the number of floating-point operations per memory reference required to achieve half 
of the peak performance of the computer's arithmetic pipelines. Excellent agreement is shown between this 
computational model and measured timings on the FPS 5000 computer. 
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1. Introduction 

There are two principal reasons why high-performance vector computers do not reach their 
advertised peak performance (P~): either the vectors are not long enough, or insufficient 
arithmetic is performed per main memory reference. The performance parameters (r~, nl/2) 
were introduced in 1977 [3-5,9] to characterize the variation of performance with vector length, 
and later the nl/2-method of algorithm analysis [6,8] was developed from these to compare the 
performance of vector algorithms. Measurements of these parameters have been reported for a 
number of computers in [2,4,5,7,9,10]. In this characterization, r~ is the asymptotic perfor- 
mance that is theoretically possible for infinite vector length (hence the subscript), and nl/2 is 
the vector length required to achieve half of the asymptotic performance. If the vector length 
n > 9nl/2, then more than 90% of the asymptotic performance r~ is obtained, and the vector 
length cannot be said to be constraining the computer performance. However, the asymptotic 
performance r~ is often substantially less than the theoretical peak performance P~ of the 
arithmetic pipelines, because of delays associated with transferring data between main memory 
and the arithmetic pipelines. This paper therefore introduces the performance parameter f~/2 
to take into account the degradation of performance due to such memory and communication 
bottlenecks. 

By analogy with n l / 2 ,  the parameter f~/2 is defined as the number of floating-point 
operations per memory reference (a new variable f )  that are required, in order that the 
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asymptotic performance reach one half of the peak performance. Since the number of 
floating-point operations and main memory references are known for any algorithm, f can be 
calculated; and by comparing f to fl/2, it is possible to estimate the asymptotic performance 
that should be achieved. After this the actual performance for a finite vector length can be 
estimated in the usual way by comparing n to nl/2 [9, p. 60]. Thus this characterization treats 
computer performance as a function of two variables: vector length (n) and floating-point 
operations per memory reference ( f ) .  We call f the computational intensity, and fl/2 the 
half-performance intensity. 

Both na/2 and fl/2 are hardware parameters because they can be related to characteristics of 
the hardware: nil 2 is related to the number of segments in the arithmetic pipelines [3-5], and 
f l /:  is related to the ratio of arithmetic speed to memory bandwidth. To find this relationship it 
is necessary to use a model of computation, and in Section 2 we consider a simple model of a 
fast arithmetic pipeline working from a local memory which is fed with data from a main 
memory by a slower I / O  memory pipeline. We consider the two cases of sequential 1/10, when 
arithmetic and I / O  cannot take place simultaneously, and overlapped 1/10 when they can. 
Different models of computation may give different formulae for fl/2 in terms of hardware 
parameters, but the fundamental definition of fa/2 as the value of f required to make the 
asymptotic performance equal to half the peak performance, remains the same for all cases. 
The above model corresponds closely to the FPS 5000 computer system, and Section 3 shows 
good correspondence between theory and measurements when the fl/2 characterization is used. 

The list below summarizes the terms used in the analysis of performance that follows: 
r~ = asymptotic performance of a pipeline that is approached as the vector 

length goes to infinity. Measured in floating-point operations per second 
in an arithmetic pipeline, or in words transferred per second in a 
memory access pipeline; 

nil 2 = vector length required to achieve half the asymptotic performance. 
Called the half-performance length; 

n = vector length; 
f = average number of floating-point operations performed per main mem- 

ory reference. Called the computational intensity; 
? ~ ( f )  = asymptotic performance of a combined memory and arithmetic pipeline, 

for a given value of f ;  
~1/2(f) = half-performance length of the combined memory and arithmetic pipe- 

line, for a given value of f ;  
P~ = peak performance, i.e. the limit of asymptotic performance as f goes to 

infinity; 
f~/2 = value of f required to raise the asymptotic performance of the combined 

memory and arithmetic pipelines to half the peak value. Called the 
half-performance intensity; 

r~ m) = asymptotic performance of the memory pipeline. Commonly called the 
memory bandwidth in words transferred per second; 

n~m) = half-performance length of the memory pipeline. Equal to the number of 1/2 
words that could have been transferred during the memory latency time; 

r (a)  = asymptotic performance of the arithmetic pipeline; 
n ( a )  = half-performance length of the arithmetic pipeline; 1/2 
t 1 = time to transfer a block of n data between main and local memories; 
t 2 = time for one vector operation of length n on data stored in local 

memory; 
? ( f )  = average time for one vector operation of length n, when there are f 

floating-point operations for every memory reference. 
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2. Model of computation 

Most current and proposed computers have a hierarchical memory organization: the 
arithmetic pipelines can run at their peak rates if the data is taken from a relatively small local 
memory or group of registers, whereas the bulk of the problem data must be stored in a much 
larger and necessarily much slower main memory. Usually the arithmetic pipelines can process 
data in the local memories faster than data can be transferred between the main and local 
memories; consequently the speed of calculations on such computers can become memory 
bandwidth limited. A well-known example of this phenomenon is the CRAY-1, in which the 
main memory bandwidth was one third of that required to support one arithmetic pipeline. 
This problem was removed in the CRAY X-MP by increasing the memory bandwidth 
threefold. However, the problem has returned with the CRAY-2 and ETA 1° in which access to 
the massive common (or shared) memory is much slower than access to the local memories of 
the component CPUs. 

In order to make a simple model of memory-limited computation, we consider a single 
memory pipeline linking a main memory to a local memory, and an arithmetic pipeline working 
entirely on data in the local memory. The model calculation proceeds by transferring a block of 
n data between the main and local memories, and then performing f vector operations of 
length n upon the data. The I / O  time to transfer a block of n data between memories is 
modelled by 

tl = (n + n~a ) ) / r~  (m, (1) 

and the time to perform a vector operation on data in the local memory is modelled by 

~(a) ]/~.(a) 
t2 = (n  + , ,1/21/,  m • (2) 

The time per vector operation for the combined memory and arithmetic pipeline is modelled by 

= (n + ~ 1 / 2 ) / ~ .  (3) 

There are two cases to consider, depending on whether the I / O  takes place sequentially with 
the arithmetic, or whether the I / O  and arithmetic are overlapped in time. 

(a) Sequential I / O .  The total time for f vector operations is t a + ft2, hence the time per 
vector operation is 

-t = t l / f  + t 2. (4) 

Representing this in the standard form (3) we find that both ?~ and na/2 are functions of f :  

r ~ ( f ) = P ~ / ( l  + x - 1 ) ,  (5) 

n, /2(  f ) = ( n ~  d + xn~a/)2 ) / ( 1  + x)  (6) 

where 

P~ = r~ a), x = f / f a / 2  and fx/2 = r~a)/r~ m). (7) 

In the above expressions P~ is seen to be the peak performance, which is obtained in the limit 
as f ~  o¢, i.e. when the I / O  overhead of transferring data to local memory is negligible 
compared with the time to perform arithmetic. In this limit the performance is at its peak and 
equal to the performance of the arithmetic pipeline alone. It is the value of P~ that is usually 
quoted by manufacturers to describe the performance of their computers. 

For finite values of f ,  equation (5) describes how the asymptotic performance ~ increases 
towards its peak P~ as f ,  the amount of arithmetic per memory reference increases. This 
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Fig. 1. The variation of asymptotic per- 
formance ~ and half-performance length 
hl/2 with the amount of arithmetic per 
memory reference, f, for the case of a 
combined memory I /O and arithmetic 
pipeline, when the I /O and arithmetic 
take place sequentially. The graphs are 
drawn for - (m)/ (a) =1.5. p --  n l / 2 / n l / 2  

approach  to the peak is characterized by the value of the parameter  fl/2, which is seen to be the 
value of f required to obtain half  of  the peak performance.  We note that fl/2 is a hardware 
parameter,  in this case the ratio of  arithmetic to memory  speeds; whereas f describes the nature 
of  the algorithm that is being executed on the hardware,  being the ratio of  arithmetic 
operat ions to memory  references. Equat ions (5) to (7) show that the per formance  of the 
algori thm is determined by the ratio f / f l /2  which we have called x. This predicted behaviour  is 
shown in Fig. 1, and is borne  out  very clearly in the lower curve of  Fig. 4. 

We note that the above variat ion of  per formance  with f that  has been obtained for 
sequential I / O ,  has the same functional form as the variation of the performance,  r, of a single 
vector pipeline with vector length n [4,5,9], namely from (3) 

r = n/-t = ? ~ / ( 1  + x -1 ) (8) 

where now 

X = ? ' / / ~ 1 / 2 "  

Combining  equat ions (8) and (5), we obtain the per formance  as a function of the two variables 
n and f :  

r = (9) 
(1 + R1/2/F/)(1 + f l / 2 / f )  

where the first factor  in the denomina tor  gives the degradat ion of performance due to finite 
vector length, and the second factor the degradat ion due to memory  bottleneck. For  small 
values of  n << nl/2 and f<<fa/2 one obtains 

^ n f 

which shows that it is not  the absolute values of n and f but  their ratios to ~ / 2  and f~/a that  
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give the factors by which the peak performance is degraded. On the other hand for large values 

of n >> h i / 2  and f>>f l /2 ,  

r=P~.  (11) 

Expression (9) suggests that the performance of a wide range of algorithms on a wide range 
of computers, might be predicted by describing the computers with the three performance 
parameters (P~, h l /Z,  fl/2) and characterizing the algorithms by appropriate average values of 
(n, f ) .  In making use of equation (9), it must be remembered that ~1/2 is not, strictly speaking, 
a pure hardware parameter as its value does depend on the f of the algorithm via equation (6). 

~(m)  ~(a )  However, if ,,~m) = ,,~a) this variation is negligible, and hl/2 - 'q/2 = -1 /> " 1 / 2  " 1 / 2  
In the above model of computation, we have assumed for simplicity that all memory 

transfers are block transfers of size n, and that input to local memory can be treated in the 
same way as output from local memory. Although an accurate representation of any particular 
computer system may need a more complex representation, we feel that the above model 
includes the essence of memory-limited computation, and can therefore be used as an 
approximate simple model for more complex systems. For example, in using equations (5) (11) 
we would expect to get a reasonable approximate result in a more complex case by treating f as 
the overall ratio of arithmetic to I / O  operations in an algorithm, even though this ratio may 
change in different parts of the algorithm; and to take the ratio of total arithmetic to number of 
vector operations as the vector length, n, in (9), even though the vector length may change 
during the algorithm. Also we would regard r (m} a s  the total memory bandwidth, and r2 '} as 
the total arithmetic performance; even though these rates may be achieved with multiple I / O  
pipelines and multiple arithmetic pipelines. Similarly ,,{m) and -(~} "1/2 "1/2 are the effective half-per- 
formance lengths of the multiple pipelines, when they are regarded as an equivalent single 
pipeline. Note, particularly, that when a pipeline is replicated c times, both its effective 
performance rate and its effective half-performance length are c times that of a single pipeline. 
This replication effect is a simple consequence of the standard timing equation (3) as is shown 
in [9, p. 181]. 

(b) Overlapped I / 0 .  When I / O  between the main and local memories can take place 
simultaneously with arithmetic, we say that the I / O  and arithmetic are overlapped. In this case 
the average time per vector operation is the maximum of the I / O  time and the arithmetic time 

= max{ t l / f ,  t 2 }. (12) 

If the I / O  time (first term) dominates, 

= ( m )  ( m )  -t t l / f  = (n + //l/2 ) / (  fr  ~ ). ( 1 3 a )  

Comparing with the standard form (3) we obtain 

too = ~ r ( m )  - = , ( m )  (13b) .1"oo , / / 1 / 2  " ' 1 / 2  • 

If, however, the arithmetic time (second term) dominates, then 

= "(") ) / r ~  a,. ( lna) t 2 =  ( n + , , 1 / 2  

Hence, comparing again with (3) we have 

?~ - - ~ " )  - = -~") (14b) - -  toe ' / / 1 / 2  ttl/2" 

The behaviour of overlapped I / O  is rather more complicated than that of sequential I /O ,  
and is illustrated in Fig. 2. The dotted lines give the parameters when the I / O  time dominates, 
and the full lines apply when the arithmetic dominates. The figure also assumes the usual case 
that the arithmetic pipeline is faster, and has a smaller half-performance length than the I / O  
pipeline (i.e. re ") > r (m) and ,,~) < ,,~r,)~ "oo , " 1 / 2  "'1/21" 
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Fig. 2. The variation of (?~, hl/2) with f 
for the case of a combined memory I / O  
and arithmetic pipefine, when the I / O  
and arithmetic can be overlapped. Full 
lines: pa ramete r s  when ar i thmet ic  
dominates, equations (14b); dotted lines: 
parameters when I / O  dominates, equa- 
tions (13b). Notation as Fig. 1, and p = 
1.5. 

In order to find out whether I / 0  or arithmetic dominates, one must examine the breakeven 
vector length, hi, at which I / O  and arithmetic take equal times. This occurs when t i l l =  t2, 
whence 

H1 = ( H ~ 7 2 )  - ~'"(a)~''1/2 ) / ( Z - -  1) (15) 

where z = fr~m)/r~ a). 
,,(m)/,(a) = 1.5, and the The variation of n I with z is drawn in Fig. 3 for the case ~ = , , 1 / 2 / , , 1 / 2  

regions of the (z, n])-plane corresponding to I / O  or arithmetic dominance are shown. 
If z > ~,, the arithmetic time dominates for all vector lengths, because n I is negative. 

Equations (14) apply, and the asymptotic performance is constant and equal to the r~ a) of the 
arithmetic pipeline. Since this is the situation when f ~  oo we have, by definition, the peak 
performance 

& = r~ a), (16a) 

the same as for the sequential I / O  case. 
If, however, z < 1, I / O  dominates for all vector lengths (because n~ is again negative) and 

equations (13) apply. The total computation time, ta, for f vector operations is constant, hence 
the asymptotic performance rises hnearly with f ,  reaching the peak performance P~ - -  r~ a) when: 
f =  r~a)/r~ m). The asymptotic performance reaches half the peak performance when f reaches 
half this value, hence by definition 

fl/2 = ½r~a)//r~ m). (16b) 

Thus overlapping halves the value of f]/2 from that obtained for sequential I /O .  
Between 1 < z < u, either I / O  or arithmetic may dominate depending on the vector length 

(because, now, n 1 is positive). Figure 2 shows that if I / O  dominates n < nl) the asymptotic ~ 
performance can exceed the asymptotic performance of the arithmetic pipeline r~ a), and it 
might appear that this is absurd and against physical intuition. However, this is not the case, 
because ~ is a theoretical asymptotic performance (for n ~ ~ )  which in this case can never be 
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reached, because n must be less than na for the dotted line to apply. If n were increased 
towards infinity in order to try to attain the higher asymptotic rate, n would exceed n 1, 
arithmetic would dominate, and the solid curve of Fig. 3 would apply, with roo = r~ a). It must be 
remembered that two parameters are always necessary to measure the performance of a 
pipeline, namely both ?oo and ha/2; and that the actual performance, r, is related to the 
asymptotic performance by equation (8), i.e. 

r = ?~/ (1  + nl/2/n).  (17) 

If the effect of the term -~]/2/n is included, one finds that the actual performance is always less 
than the asymptotic performance of the arithmetic pipeline, as is intuitively obvious. 

The above theoretical prediction of the variation of performance with f for overlapped I /O ,  
namely a linear rise to the peak value as shown in Fig. 2, is borne out by the upper curve of 
measured values in Fig. 4. 

3. M e a s u r e m e n ~  of  ft/2 

The Floating Point System 5000 computer [1] provides a good example of a hierarchical 
memory system which should be well represented by the simple theoretical model of computa- 
tion that has been described above. Computation takes place within the XP32 arithmetic 
coprocessor which contains a floating-point multiply pipeline and two floating-point add 
pipelines. These pipelines take their data from, and return results to a local memory (LM) of 16 
kwords contained within the XP32. The bulk data for the problem being solved, is however 
held in a separate system common memory (SCM) which can have a capacity of 1 Mword. 
Calculation proceeds by transferring blocks of data from SCM to LM, performing arithmetic 
upon it, then returning the results from LM back to SCM. It is easy to vary the ratio of 
arithmetic to memory references, f ,  and to execute the arithmetic sequentially with the I / O  
between SCM and LM, or time-overlapped with it. 

The measured results for roo(f ) as a function of f are shown in Fig. 4, in which the circles 
are measured values, and the full lines the theoretical predicted curves. The lower curve is for 
sequential I /O ,  and shows the characteristic shape shown in Fig. 1. There is good agreement 



284 R. W. Hockney, LJ. Curington / f l / 2 :  A parameter to characterize bottlenecks 

_ I I I I I [ I I I 

A 1 ~  O v e r l a p p e d  I 1 0  

~__i?_. I . . . .  _ 

Hftop/s I- 

'ti 
] I I I I I I [ I 

0 10 20 30 ~0 f 50 

Roaring-Point Operations per Memory Reference 

Fig. 4. Comparison of theoretical predic- 
ted performance roo (Mflop/s) as a func- 
tion of f (solid lines) with measured val- 
ues (circles), for the FPS-XP32 arithmetic 
coprocessor processing data in system 
common memory. There are f foating- 
point operations performed within the 
XP32 for every common memory refer- 
ence. 

between the curve predicted by equation (5) and the measured values. The results for 
overlapped I / O  show the linear rise to the peak value as predicted in Fig. 2, and equations 
(13b) and (14b). The values for peak performance andft/2 which are in the predicted curves of 
Fig. 4 are given in Table 1, and we see, as was predicted in Section 2, that overlapping I / O  
with arithmetic approximately halves the value of f l / 2 .  

Figure 5 gives the XP32 program that was used in the above measurements. The ' D O  200' 
loop is a repeat to increase the accuracy of the timing which is performed to microsecond 
accuracy on a separate GPIOP processor that does not interfere with the operation of the 
XP32. The time is measured immediately before and after the loop with the CALL to the 
routine APSEC. Within the ' D O  200' loop, the input vector A is transferred from the SCM to 
the XP memory by the first CALL XPDMAR, the arithmetic is performed by the CALL 
ZVSASM, and the result vector D is transferred from the XP memory to the SCM memory by 
the second CALL XPDMAR. The arithmetic kernel used in this experiment, vector scalar add 
scalar multiply (VSASM), adds a scalar to each element of the input vector and then multiplies 
each element by another scalar. There are thus two floating-point operations per element for 
every CALL ZVSASM. Since each element is read once from SCM and stored once to SCM, 
there are two memory references per element, and the value of f is equal to the number of 
CALLs to ZVSASM, which is varied in the ' D O  150' loop where f =  IMEMREF.  The two 
CALLs to XPISNC ensure that the input vector is loaded completely before the arithmetic 
starts, and that the arithmetic completes before the output vector is stored. This is the case of 
sequential I / O .  The timing for overlapped I / O  is simulated by commenting-out the two calls 
to XPISNC. In this case the loading and storing of the vectors takes place simultaneously with 
the arithmetic, as it would in a triple buffering scheme. In each loop of such a scheme, the 
arithmetic on one segment of the vector is performed simultaneously with the storage of the 
result of the previous segment, and with the loading of the next segment. Although the program 

Table 1 
Values of peak performance, too, and f l /2 for a single FPS XP32 arithmetic coprocessor when processing data in 
system common memory; these values were used in the theoretical curves of Fig. 4 

Case roo (Mflop/s) f l /2 

Sequential 1/0 12.5 4.2 
Overlapped I / 0  12.6 2.2 
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C . . . . . . . .  Memory B a n d w i d t h  t e s t  program 
C . . . . . . . . . . . .  b e n c h m a r k  s e g m e n t  . . . . . . . . . . . . . . . . . . .  
C 

PROGRAM TIMTEST 

C 
C === ask 

INTEGER NCMAN,NLOOP,CPLEN,IMEMREF 
PARAMETER (MAXNCHAN = 8000) I number of channels per scan 

REAL A(MAXNCHAN) I input vector, one scan of channels 
REAL B(MAXNCHAN) I output / input 
REAL NEW'rIME 
INTEGER IXPA,IXPB,I,J,K,KK 

COMMON /PARS/ NCHAN,NLOOP,CPLEN,IMEMREF,NEgTIME 

NEWTIME = O. 

IA = 
IB = NCHAN 
IC = 2 * NCHAN 
ID = 3 * NCHAN 

! XP32 LMD address of input vector 
! XP32 LMD address of first scalar 
I XP32 LMD address of second scalar 
! XP32 LMD address of output vector 

IXPA = 1 ! use XP32 number 1 

J = XPWAIT (-I) ! wait for all to stop 
CALL APSEC (NEWTIME) 
DO 200 K=I,NLOOP 

for DMA transfers for input 
CALL XPDMAR (NCHAN, IA,I,A,I,2,1) ! load input vector 

C 
C === Synchronise the I/O with the arithmetic section (SEE NOTES) 

CALL XPISNC 
C 
C === Ask arithmetic section for Vector Scalar Add, Scalar Multiply 

DO 150 I=I,IMEMREF 
150 CALL ZVSASM (IA,IB,IC,ID,NCHAN) t xp32 call 
C 
C === Synchronise the I/O with the arithmetic section (SEE NOTES) 

CALL XPISNC 
C 
C === ask for DMA transfers for output 

CALL XPDMAR (NCMAN, ID,I,B,I,2,-I) ! send results to SCM 
C 

J = XPSEL (IXPA) 
CALL XPRUN ! dispatch channel list 

C 
C === wait for all to stop 

J = XPWAIT (-I) ! wait for channel list t o  complete 
200 CONTINUE 
C 

CALL APSEC (NEWTIME) 
STOP 
END 

Fig.  5. T h e  X P 3 2  a r i t h m e t i c  c o p r o c e s s o r  p r o g r a m  used  in the  m e a s u r e m e n t  o f  ~ / 2  a n d  fl/2. See text  fo r  e x p l a n a t i o n .  

in Fig. 5 does not contain all the necessary details for this buffering, the timing obtained by 
omitting the XPISNC calls should not be essentially different from that obtained from a 
properly buffered program. The CALL X P R U N  initiates the execution of program described 
above, and XPWAIT ensures that each instantiation of the 'DO 200' loop is completed before 
the next starts. 

4. Conclusions 

With the move  to large hierarchical memories in many new computer systems, there is a 
need for a parameter to quantify the seriousness of  the memory bottleneck problem. In this 
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paper we have introduced a new performance parameter, fl/2, for this purpose, and shown that 
it can be used to predict accurately the performance of the FPS-5000 computer system. We 
conclude that fl/2 could prove to be a very useful parameter for quantifying memory-band- 
width limited computation, and hope that similar measurements will be made on other 
computer systems. 
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